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ABSTRACT 

The problem of discrimination of ce r t a in  cyl indrical  tank modes of 
f r e e  surface motion a r o s e  in the course of an  exploratory investigation of the 
behavior of the fluid in tanks under random excitation. This problem is 
t rea ted  herein for discrimination of symmet r i c  and an t i symmetr ic  modes,  
and severa l  designs for specialized f r e e  su r face  measur ing  sys t ems  a r e  
presented.  
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NOMENCLATURE 

a - tank radius  

C - probe sensit ivity constant 

dif (mA/2)  
dif (A/2)  D ( m )  = 

s in  (x) 
dif(x) = 

X 

Hmn 
- 

t - 

probe o r  a r r a y  signal outputs 

i E x p ( i  amnt) 

coefficients in  potential function 

acce lera t ion  of gravity 

fluid depth 

Besse l  function of f i r s t  kind of o r d e r  m 

indic e s 

index 

indices 

convenient functions of f(m, n, t) ,  Hmn, Jm(<,)and cmn 

cyl indrical  coordinate s y s t e m  

t ime 



NOMENCLATURE (Cont 'd) 

x i  = cos +i 

A - 

- "mn 

angular  extent of averaging probes  

spat ia l  phase orienting the mnth mode 

f ree  sur face  elevation 

average  surface elevation on tank c i rcumference  
A A between + = +i t - and  + = +i - - 
2 2 

velocity potential 

modal f requencies  (angular)  

v i  
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INTRODUCTION 

The problem of discr iminat ion of f r ee  surface modes in a cylindrical  
tank became of i n t e re s t  in the course  of pre l iminary  studies of the fluid 
response  t o  random excitation (Refs. 1 ,2) .  
tudinal excitation (along the axis of symmet ry )  of a cyl indrical  tank, what is 
expected f r o m  sinusoidal excitation experiments  (Ref. 3 )  is that  the fluid 
responds in 1/2-subharmonic modes of the excitation. In effect, excitation 
frequency m u s t  be twice the l inear  modal frequency for that f ree  surface 
mode to occur .  In sinusoidal excitation exper iments ,  only one excitation 
frequency is present  at a t ime,  and identification of the resul t ing modal fluid 
resporise rmay be done by measur ing  the flilid-free sur face  elevation at soiiie 
point and comparing the response frequency with calculated l inear  modal 
f requencies ,  and by visual  inspection of the fluid-free surface.  

In the par t icu lar  ca se  of longi- 

However, the identification problem is considerably m o r e  complicated 
in the random excitation case.  Initially, data on the behavior of the f r e e  
su r face  under  random longitudinal excitation were  nonexistent, and, 
consequently,  some qualitative experiments  were  c a r r i e d  out. In these 
exper iments ,  a r igid cylindrical  tank was exci ted longitudinally with a random 
acce le ra t ion  having energy content over a relat ively broad  band of frequency. 
Visual  observat ion confirmed the presence of symmet r i c  f r e e  sur face  modes 
and indicated, in addition, that  many an t i symmetr ic  modes of higher o r d e r  
than the first were  present .  It was  concluded that under random excitation 
the possible presence  of a l l  modes of fluid motion a t  once must  be assumed.  
Even a casua l  inspection of the lower o rde r  modal f requencies ,  of the infinite 
number  which a r e  mathematical ly  possible, indicates that  t he re  is s o  much 
potential ambiguity that identification of the f r ee  sur face  modes  present  on the 
bas i s  of frequency alone might be pract ical  only for  the first an t i symmetr ic  
mode, and  th i s  marginal ly .  

Since genera l  methods of analyzing nonlinear random sys t ems  are not 
immediately available and were  cer ta inly not within the scope of the p re sen t  
project ,  the question a r o s e  as to  jus t  what could be explored in  the random 
longitudinal excitation p rogram (Ref. 1 ) .  The conclusion was tha t  the m o s t  
useful objective would be t o  a t tempt  to  find out i f  the fluid-free sur face  
behavior is essent ia l ly  what might be expected f rom sinusoidal exper iments ;  
that  is, is the fluid motion under random longitudinal excitation a summation 
of subharmonic response  ? 

The genera l  plan for  a first a t tempt  was to  vary  the frequency d i s t r i -  

If significant fluid sur face  energy  
bution of energy  in the random excitation and m e a s u r e  the frequency d i s t r i -  
bution of the fluid-free sur face  response.  
were  p re sen t  at f requencies  significantly lower than the band of significant 



excitation energy, the presence  of subharmonic response  would be indicated. 
Unfortunately, however, the modal  frequency spacing is s o  small i f  all modes 
a r e  considered that resolution of individual modes  by the n e c e s s a r y  frequency 
spec t rum analysis  would not be possible. The spec t rum of fluid response  at 
any point in the f ree  surface would be anticipated to  be sufficiently "blurred, 
and the "sharpness"  to  which a random signal  can  be bandpassed is suff i -  
ciently gradual that  c l ea r  dist inctions between harmonic and 1 / 2  -subharmonic 
response were  thought to be improbable.  
measur ing  technique the contributions of all modes except the s y m m e t r i c  
(or  the nth an t i symmet r i c )  were  eliminated, the frequency spec t rum of this  
single remaining mode type might be sat isfactor i ly  reso lved  and might have 
sufficiently pronounced and identifiable peaks so that  dist inctions between 
harmonic and subharmonic response  could be made.  

- 

However, i f  by some special  

Thus, the experimental  design commenced with the assumpt ion  that  
The problem discussed  the f r e e  surface is a summation of no rma l  modes.  

here in  is that of discr iminat ing the contributions of one mode in the presence  
of all the res t .  

Since the ax isymmetr ic  modes were  the obviously identifiable ones 
present  in the qualitative exper iments ,  discr iminat ion of these modes  w a s  
considered f i r s t .  F r o m  the point of view of the influence of sloshing on r ig id  
body vehicle motions,  the f i r s t  an t i symmet r i c  modes a r e  of most importance,  
and discr iminat ion of these modes is cons idered  next. 

FLUID ELEVATION MODEL 

The mathemat ica l  model for  the f r e e  sur face  as a superposi t ion of 
no rma l  modes can  be taken d i rec t ly  f rom l inear ized  potential theory.  
par t icu lar ,  i f  the velocity potential is @ and the dynamic f ree  sur face  
elevation is v, 

In 

(where the z axis has  its or igin in the undis turbed f r ee  sur face) .  

The usual  t r ea tmen t  for  a cyl indrical  tank r e s u l t s  in a velocity poten- 
tial as  follows: 

n m  

(2 1 
m = 0 , 1 , 2 ,  ... 
n = 0 , 1 , 2 ,  ... 

2 
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where the tank geometry is defined as in the sketch. 

tz 

r = a  

a 

- Z  

The factor  J, (cmn $) is  the Bessel  function of the f i r s t  kind of 
o r d e r  m. The em, a r e  the roots  of: 

and the frequencies  a r e  defined by: 

The phase emn in the cosine factor is  inser ted to  account for the fact  that there  
is no mathemat ica l  bas i s  for orienting the circumferent ia l  mode pat terns  
with r e spec t  t o  the tank. 

The l inear ized model for the f ree  surface elevations with respec t  t o  
z = 0 becomes:  

3 



Letting: 

f(m, n, t )  = ieiwmn t 

( 6 )  
m = 0, 1 , 2 ,  ... 
n = 0 , 1 , 2 ,  ... 

In Equation (6), the f i r s t t w o  fac tors  fo r  each  choice of m ,  n and tank 
geometry  define amplitude and frequency and the l a s t  two f ac to r s  desc r ibe  
the spat ia l  fo rm of each  mode. 

DISCRIMINATION O F  THE SYMMETRIC MODES 

For  the symmet r i c  modes,  m = 0. The Besse l  function of the f i r s t  
kind has  the proper ty  that: 

Jo ( 0 )  = 1 

( 7 )  
Ji (0 )  = 0 F o r  i = 1,2 ,  3 , .  . . 

Thus, the fluid elevation on the axis of s y m m e t r y  ( r  = 0 )  becomes:  

and the discr iminat ion of the m = 0 modes  c a n  be done with a single sur face  
elevation probe on the axis of s y m m e t r y  of the tank. 
is a superposit ion of no rma l  modes the signal f rom a probe on the axis of 
s y m m e t r y  should contain only the s y m m e t r i c  mode components present ,  and 
is frequency ana lys i s  of th i s  signal should indicate re la t ive ampli tudes of 
these  modes.  

If the fluid-free sur face  

For presen t  purposes ,  the r a t io  h / a  2 2  and the minimum tabulated value 
of cmn is about 1. 8. Thus with be t te r  than 0. 1% accuracy:  

4 



TABLE I 

SYMMETRIC MODE FREQUENCIES 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

3. 832 
7. 016 

10. 173 
13. 324 
16. 471 
19. 616 
22. 760 
25. 904 
29. 047 
32.  189 

DISCRIMINATION OF NONSYMMETRIC MODES 

Pre l iminary  

F o r  convenience, Equation ( 6 )  may be expanded: 

q = f(m, n, t )Hmn [ c o s m + c o s c m n  - s i n m + s i n  em,] J, (Emn$) 

The object is to  design an a r r a y  of surface elevation probes which will con- 
v e r t  the double s u m  of Equation (10) to a summation over  n for  some par t icu lar  
m (in the c a s e  of mos t  i n t e re s t  m = 1, the f i r s t  an t i symmetr ic  modes) .  At 
f i r s t  glance,  a function of the outputs of a n  a r r a y  of probes  located at the 
z e r o s  of the B e s s e l  Function for unwanted modes is enticing. However, 
t he re  a r e  s o  many z e r o s  of Jm (5 

mn 3 a r b i t r a r y  4 = +o would probably turn into an  a l m o s t  solid bulkhead, i f  of the 
s u r f a c e  piercing wire  type, and, in any event, would involve a prohibitive 
number  of s ignals .  If it could be assumed that  cmn = a constant for  all m and 
n, some  possibi l i ty  might exist for arrays which take advantage of the z e r o s  of 

L) that  a probe a r r a y  along some 

and 

Unfortunately, t he re  is no justif ication for such  an  assumption. 
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The boundary condition on the cyl indrical  sur face  (Eq. 3 )  i n su res  
that the Besse l  function in Equation (10) is finite for  all modes  a t  r = a. 
Consequently, probes a t  o r  v e r y  nea r  the c i r cu la r  tank boundary will contain 
contributions of a l l  modes.  Thus 

n m  

n m  

Letting 

s in  E 
m n  Q(m, n, t )  = f(m, n, t )  H J m n  m ('mn) 

q r  = a  = 1 P(m, n, t )  cos  m $  - 1 Q(m, n ,  t )  s i n m +  
n m  n m  

(13)  
m = 0 , 1 , 2 , . . .  
n = 0, 1, 2 , .  . . 

Thus,  the surface elevation a t  the c i rcumference  of the tank is in the fo rm 
of Fouri'er s e r i e s  with t ime varying coefficients. 
change with probe location along the c i rcumference ,  and Equation (1 3) 
sugges ts  that the summations over  m m a y  possibly be removed by summing 
the outputs of a number of probes,  in effect  a continuous spat ia l  harmonic 
analysis .  If in addition, a procedure can  be devised to sepa ra t e  the two 
double sum t e r m s  in Equation (13), an es t imate  of the unknown phases ,  emn, 
m a y  be possible. 

The coefficients do not 

Effect of Probe  Averaging 

All the express ions  fo r  free sur face  elevation involve the elevation a t  
a point. All p rac t ica l  p robes  average  the free sur face  elevation over  a finite 
area. However, the type in  common u s e  is  a wire  piercing the sur face .  
Typical d i ame te r s  of this  w i re  a r e  a / 1 0 0  o r  less. It canbe  seen tha t  f o r  s u c h a  
small probe to smooth the contribution of any mode, the spat ia l  semiper iod  of 
tha t  mode  must  be perhaps  3 wire  d i ame te r s .  
of the tank boundary, a semiosci l la t ion of 3a /  100 co r re sponds  to about 1 / 100 of the 
e n t i r e  c i rcumference  f o r  the case  m = 50. S imi la r ly  in the rad ia l  direct ion 
near the boundary, the "semiper iodt l  f o r  the B e s s e l  functions of high o r d e r  
is approximately 

In the c i rcumferent ia l  direct ion 

6 



Thus 

A r  
a 

which impl ies  cmn = 100, and distortion w i l l  probably not s e t  in until n = 3 0  f o r  
m = 0, 1, 2, 3 ;  o r  n = 2 5  for m = 16-18, f o r  example.  
of i n t e re s t ,  
men t s .  
cons idered  for  fear  of interference with flow. 

Thus for  the lower modes 
small wi re  probes a r e  sufficiently close to "point" m e a s u r e -  

Large  d iameter  probes within the confines of the tank cannot be 

A type of probe well suited to  recording surface elevation a t  the tank 
c i r cumfe rence  without disturbing the flow would be a capacitance plate 
imbedded in the tank w a l l  as in  the sketch 

t- - 
--- 

Such a plate insulated f r o m  the tank fluid by a thin plastic tank wall  would 
a c t  as a capac i tor  and, integrated into a bridge sensing capaci tance changes,  
would have a signal output c lose ly  proportional to: 

E i  
1 
A 
- 

The sensi t ivi ty  of such a probe depends on the thickness  of the insulation, and 
a practical installation for  a sma l l  lucite tank appea r s  possible on the bas i s  
of some  c rude  t r i a l  exper iments .  Capacitance type probes  have the additional 

7 



useful property that a number of probes as in the sketch, i f  matched in 
sensit ivity and shorted together,  will yield a net capacitance change equal to 
the sum of the integrals  (14) for all probes.  

A useful quantitative resu l t  may be obtained by car ry ing  out the 
integration of Equation (14) with the f r e e  sur face  elevation Equation (13). 

Ca r ry ing  out the integrations 

E i  oc 1 1 P(m,  n, t )  C O S  (m+i)  dif (””) 2 
n m  

mA - 1 Q(m, n, t )  s in  (m+i )  dif (7) (16) 
n m  

where 

The function of Equation (17 )  i s  l e s s  than 1% different f rom unity over  the 
range 

m A  
0 5 7 -  < 0. 24 rad ians  

o r  
m A  

05,- < 13. 7 deg rees  

and relat ively la rge  plates  can  be used without s e r ious  dis tor t ion of the modes 
corresponding to small m. 

8 
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A 4 - P r o b e  Integrating A r r a y  for Discrimination of m = 1 Modes 

The proper t ies  of the "dif" function of Equation (17) suggested a 4- 
probe a r r a y .  
signal,  it is necessa ry  to  add and subtract  p a i r s  of probes.  
accompl ished  by wiring probes into opposite s ides  of a bridge circui t .  

In e r d e r  tc? elimifiate the symmetr ic  modes f rom the output 
This  can  be 

A probe a r r a y  consisting of two capacitance plates  wrapped around 
the tank to  include an  angle of A radians each  and located TI radians a p a r t  can 
be a s sumed .  
+1 t TI is subt rac ted  f r o m  the signal f rom a like probe centered  on $1 

If the signal f r o m  a plate probe of width A and centered  on 

mA 
E2-1  a3 1 1 P(m,  n, t )  c o s m ( + l )  - cos  m ( + l  t TI)] dif (7) 

n m  

- 1 1 Q(m.n ,  t )  [ s inrn(+l )  - s i n m ( + l  t ~ r ) ]  dif [T)  / m A  (18) 
n m  

Simplifying 

n m  

mA - Q(m, n, t )  dif (7) sinmc+l [ 1 - c o s m r ]  (19) 
n m  

Choosing some  probe sensi t ivi ty  constant c: and +1  = 0 

= o  m = 0 , 2 , 4 , 6  ,... 
TI i f  $1 = -  2 

m = 1 , 3 , 5 ,  . . .  -- - - 
- 1 Q(m, n, t ) ( 2 )  dif 

n m  C 

= o  m =  Q , 2 , 4 , 6  ,... 

9 



I 
Thus, the a r ray  of four probes  as  in the following sketch wired  into two 
br idges  will produce two signals,  containing contributions of odd c i r c u m -  
ferent ia l  modes only. 

It r ema ins  to  see how much may be accomplished toward reject ion 
The function dif ( X )  has  z e r o s  of cer ta in  modes  by a suitable choice of A. 

a t  

Consequently, i t  is not possible to  choose A / 2  s o  that 

m A  - = krr for  m = 1, 3, 5 , .  . . 2 

for  m o r e  than one odd mode. 
modes  a r e  p resent ,  A can  be chosen as 2 ~ / 5  (72"),  and the  s y s t e m  will 
r e j ec t  the m = 5. 

F o r  example,  i f  only the m = 1 and m = 5 

F o r  the p re sen t  case ,  i n t e re s t  c e n t e r s  on reject ing all odd modes  
except  the first as much as possible,  Equations (20) and (21) ,  the two 
br idge outputs, m a y  

F o r  = 0 

-- - 2 dif 
E2 - 1 

C 

be rewri t ten:  

(3 c n c 
modd 

dif (7) mA 

dif (2) A 

10 



TT F o r + l  = - 
2 

Z T T /  3 1 3  

mA 

modd dif ( z) 
= 2  - 1 dif ( T )  -- 

C - - 2 dif (4) 11 a ( m , n , t )  A 

2 n / 7  2n/ 5 2n/ 3 2 ~ 1 4  

Table I1 s u m m a r i z e s  the relative contributions of the odd modes 

column that a small A does not begin to attenuate any odd mode appreciably 
to  m = 19. 
se lec ted  s o  as to  re jec t  m = 7 and m = 5 modes.  
Table I1 are  perhaps  m o r e  interesting. 
re ject ion of the m = 3 ,  9, 15,. . . , 3j modes but a t tenuates  the m = 5 and 7 only 
80 o r  857'0. 
re la t ive attenuation of a l l  modes  except the first 857'0 o r  bet ter .  
s e e n  that a choice of A of e i ther  2m/3 or  3~114 would not r e su l t  in a n  
impossibly bad "filter" for exper iments  where  in te res t  w a s  centered  in 
measu r ing  the first  odd mode in the presence of sma l l  higher mode "noise. 
Thus,  the p re sen t  a r r a y  might be useful in s tudies  of rotational instabil i ty 
under  l a t e r a l  sinusoidal excitation, for  example. 

[dif  (q) /dif (+)]for var ious values  of A. It m a y  be seen  f r o m  the first 
L 

The second and third columns indicate what happens when A is 
Columns four and five of 

A choice of A = 2 r / 3  resu l t s  in 

A choice of A = 3 r / 4  is the "compromise" choice to  make the 
It m a y  be 

( =  1. 1") j ( ~ 5 1 " )  , (e 72")  

TABLE I1 

( =  120") (=  135")  

ODD MODE TRANSMISSION, 4-PROBE INTEGRATING ARRAY 
I I 

1.000 
0 

-0.197 
0. 142 
0 

-0. 092 
0. 077 

-0. 054 
0. 052 

0 

1.000 
-0. 140 
-0. 083 

0.141 
-0.111 

0. 039 
0. 032 

-0.  064 
0. 053 

-0.020 

m =  13 
m = 1 5  
m = 1 7  
m =  19 

2 .  000 1 .  932 1. 8 7 2  
I 1 

1.000 
1. 000 
1 .000  
1. 0 0 0  
0 .999  
0 .998  
0.997 
0.996 
0.995 
0.994 

1. 000 
0. 747 
0. 362 
0 

-0.200 
-0. 204 
-0. 075 
0. 067 
0. 131 
0. 091 

1.000 
0. 538 
0 

-0. 231 
-0 .110  

0. 089 
0. 124 
0 

-0. 095 
-0. 053 

Actual m e a s u r e m e n t s  f r o m  both br idges  simultaneously could yield 
information on the var ia t ion of the spatial orientation of the node (€11) for  

11 



th i s  ca se .  
some special  e lectronic  m e a s u r e s  would have to  be taken, probably like 
multiplexed c a r r i e r  excitation of the overlapping port ions as in the 
following sketch. ::: 

Since for  A = 2 ~ / 3  the plates  for  the two br idges  would overlap,  

. C a r r i e r  1 

Excitation 

Exc i ta  t ion 

C 
C 

arr ier  

ar rie r 

1 + 2  

2 

F o r  the random longitudinal excitation case ,  however, the f i r s t  two o r  
t h ree  odd modes a r e  likely as not t o  be of equal magnitude; in fact, i t  is  not 
impossible  that m = 3 mode may be much l a r g e r  than the m = 1 mode. 
this  case, the 4-probe integrating a r r a y  probably does not have adequate 
discr iminat ing power. 

In 

Eauispaced Point Ar  r a v s  

The r e s u l t s  of Equation (13) suggest that  the s ignals  f r o m  multiple 
point arrays of probes  around the tank c i r cumfe rence  m a y  be manipulated as 
in ord inary  harmonic  ana lys i s  t o  r e j ec t  a t  l e a s t  the lower modes  f r o m  a n  
e s t ima te  for  the f i r s t .  
per iod (circumference in  th i s  c a s e )  is divided into L equispaced intervals ,  
and  the analysis  for  the fundamental amplitude is f r e e  of the 2nd through 
approximately the ( L / 2  - 1) thharmonic .  In the p re sen t  case ,  a 12-point 
equispaced a r r a y  would yield a n  estimate of the m = 1 modal  amplitude f r ee  
of the m = 0, and m = 2, 3, 4 and 5 modes.  Higher modes  would be present .  
In addition, in a n  ord inary  L-point harmonic  ana lys i s ,  the ord ina tes  m u s t  
be multiplied by va r ious  positive o r  negative constants  and  added. 
i n  o r d e r  to  adapt  ord inary  harmonic  ana lys i s  methods to  the p re sen t  problem, 
the L probes m u s t  have at l e a s t  [ L / 2  - 11 gain adjustments .  
something like a n  L / 2  ampl i f i e r  analog computer  setup, and a probable like 

In a n  ord inary  L-point harmonic  ana lys i s ,  the 

Thus,  

Th i s  m e a n s  

*Suggested by J. E. Modisette of the Department  of Mechanical 
Sciences,  SwRI. . 
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number of c a r r i e r  ampl i f ie rs  to convert  the probe bridge outputs to reasonable  
levels.  
t e r m s  of Equation (13) a r e  desired,  the equipment requi rements  a r e  doubled 
(and the adjustment  and alignment problem quadrupled). Though possible in 
principal,  the equispaced point a r r a y s  s imi la r  to  ordinary harmonic analysis  
techniques a r e  not pract ical ly  appealing. 

In addition, i f  simultaneous measurements  of each of the double sum 

Doubly Symmetr ic  Arrays  (8k P r o b e s )  

If each  half of the 4-probe integrating a r r a y  i s  conceptually spli t  into 
two pa r t s  and account is taken of the effect of the plate width, i t  can be seen 
that  a doubly symmetr ic  a r r a y  of special form can both eliminate a l l  even 
E o d e s  (m = 0, 2, 4 , .  . . ) and separate  the two double sum t e r m s  of =Equation (16)  
for  example.  
be necessa ry .  

No special  gain adjustment other than initial t r imming would 

As.  shown in the sketch, the a r r a y ,  though not necessa r i ly  equispaced, is 
s y m m e t r i c  about the angles 4 = 0 and If the eight probes a r e  con- 
nected in  two br idges so that  the two net s ignals  a r e  as follows: 

=.rr/2. 

where  

13 



r e f e r s  to  the surface elevations on the c i r cumfe rence  averaged  f rom 

+ = +i -t - to  + = +i - - (Eq. 
r e su l t s  in 

A A 
.2 2 16), substitution of Equation (13) and simplification 

mA 
E p  a3 P ( m ,  n, t ) (4)  cos  m+i dif (7) 

odd (25) 
n m  

m - 1  
2 

EQ a3 - Q(m, n, t ) (4 )  cos  m+i dif (@) 2 ( -1)  

odd n m  

Thus,  the double sum t e r m s  of Equation ( 1  3 )  are  effectively separa ted  and al l  
modes  of even m a r e  re jected.  
an  a r r a y  of 8k probes which is defined s imi l a r  t o  Equations (24): 

Essent ia l ly ,  the samc. rclsult is obtained for  

Reduction as  before yields 

k 

i =  1 

m t  1 

E: oc 1 1 Q ( m , n ,  t )  [ ( - 1 )  ( 4 ) d i f ( y ) ]  1 c o s m + i  
modd 

Odd mode t ransmiss ion  is governed by 

If, as is desired,  the m = 1 mode is t o  be passed ,  it is n e c e s s a r y  that 

k 

i = l  
dif  (4) 1 # o 
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Thus,  Equation ( 2 7 )  may  be modified: 

where 
mA 

dif (-) 
2 /  

A d i f (  z) D ( m )  = 

k 
c o s m + .  

1 
k - i = l  

a m -  k c c o s + .  1 

i =  1 

The f i r s t  t e r m s  of Equation ( 2 8 )  a r e  a summation of all the ampli tudes 
of the m = 1 modes ,  the r e su l t  sought. 
e l iminated as f a r  a s  possible.  From the r e su l t s  of a previous section, a 
l imi ted  amount can be done with the factor D(m).  
the odd modes  which can be eliminated depend on how many z e r o s  can  be 
achieved with am. 

The double s u m  t e r m s  a r e  to be 

Consequently, how many of 

k In effect, we requi re  

(29 )  k a m  = 0 for  m = 3 ,  5 , .  . . 

If i t  is a s s u m e d  that  the lowest k of the modes m = 3 ,  5, 7 , .  . . can be 
el iminated with 8k probes,  there  resu l t s  k equations in k unknown +Is 

k 
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Even i f  a solution of Equation (30) fo r  the elimination of the m = 3,  5, . . . (2k t 1 )  
modes can be achieved, there  would r ema in  in Equation (28) contributions 
f r o m  the m = 2(k t 1 )  and higher modes.  However, i f  the 2(k t l ) th  mode 
is sufficiently high, the lowest modal f requency [m = 2(k t l ) ,  n = 01 might  
perhaps  be sufficiently removed f r o m  the lowest f requencies  of the f i r s t  
mode (m = 1, n = 0, 1, 2 ,  . . . ) s o  that  a f requency ana lys i s  of the bridge 
s ignals  of Equation (28) would allow examination of these lowest m = 1 modes .  

It is heartening to note that the Tchebyscheff -Radau quadra ture  
method for the integral  

Tr I f (cos  +) cos + d +  
-TI 

involves the solutions of Equation (30).  
be equivalent to the Four i e r  cosine coefficient for a harmonic s e r i e s ,  and 
the development of this section could equally well have been s t a r t ed  with 
Equation ( 3  1 ). 

The above integral  may be shown to 

Usable solutions of Equations ( 3 0 )  a r e  not s o  obvious in general .  It 
m a y  be shown with the a id  of the proper t ies  of one of the Tchebyscheff 
polynomials that  the sys t em of Equations (30) is equivalent to:  

where  

and 

The sys tem of Equation (32) is composed of s y m m e t r i c  functions. 

tunately, since no specification on the sums 1 xfJ is made,  no sys temat ic  

way of finding roots  for  k ord ina tes  could be found. 

Unfor- 
k 

i 
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Par t i cu la r  Exact Solutions: Doublv Svmmetr ic  A r r a v s  

Though general  nontrivial solutions to the sys t em of Equations (30)  
were  not available,  some par t icu lar  exact solutions could be obtained, and 
tentative a r r a y  design specified. 

8-Probe a r r a y  ( k  = 1). - When k = 1, Equations (30) reduce to: 

cos  39, = 0 (33) 

and a useful  solution is 

Since the c loses t  position of probes  would be 30". A can be pract ical ly  
chosen as 14",  result ing in the a r r a y  a s  in the sketch. 

+ = o  
330" 30" 

\ / 

300" 

240 " 

210" 150" 

The  s igna ls  would be: 

( 2 5 )  

The odd mode  t ransmiss ion  i s  shown by the function; D(rn!aA; as in Equa- 
tion (28 ) .  This  function w a s  evaluated and i s  tabulated in Table  111. 
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TABLE 111 

CDD MODE TRANSMISSION, 8 -PROBE 
ARRAY, A = 14" 

Mode, m 

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
2 1  
23 
25 
27 
29 

1.000 
0 

-0.941 
-0.884 

0 
0.727 
0.631 

0 
-0.422 
-0.315 

0 
0.116 
0.029 

0 
0.110 

This probe a r r a y  is s imi l a r  to the 4-probe integrating a r r a y  with A = 120°, 
Table 11, Column 4. As may be seen  f rom the two tab les ,  the 8-probe a r r a y  
does nowhere nea r  as good a job of re jec t ing  odd modes.  However, it has  
the advantage that it r e j ec t s  the m = 3 mode without overlapping t r ansduce r s .  
This would simplify the electronics  considerably.  

The initial portion of the anticipated modal frequency spec t rum 
of the outputs of th i s  a r r a y  may be summar ized  a s  in Table IV (where the 
approximation of Equation (9)  is employed and the numer ica l  values a r e  f r o m  
Table 2 . 4  of Ref. 4).  

Table IV shows that  considerable  mode ambiguity in the br idge 
s ignal  frequency content starts at near ly  the m = 1,  n = 1 mode. 
of the (m = 1,  n = 1)  mode f r o m  next higher  modes would be v e r y  difficult 
i f  not impossible with n o r m a l  frequency analyses .  The lowest an t i symmet r i c  
mode (m = 1 ,  n = 0)  is separa ted  by only 0.9 octave f r o m  the lowest unwanted 
(m # 1)  mode. 

Separat ion 
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TABLE IV 

MODAL FREQUENCY SPECTRUMy 8-PROBE ARRAY 
( F o r  h / a z  2) 

--z 
1.35  
2. 31 
2 .53  
2 . 9 2  
2.93 
3. 24  
3.42 
3. 56 
3. 57 

n m  
w1 0 

1.000 
1.71 
1 . 8 8  
2.16 
2.17 
2.40 
2.52 
2 . 6 4  
2 .65  

0 

16-Probe a r r a y  ( k  = 2) .  - When k = 2,Equations (30) become: 

Manipulating with half angle identities, a useful nontrivial  solution resu l t s :  

TT +,  = -: (12")  

4)2 =E: 

15 

4TT 
( 4 8 " )  

The  c loses tprobepos i t ion  in this a r r a y  i s  6",  thus a choice of 

(37) 

A =  5" may b e  pract ical .  The a r rangement  would be  as in the sketch: 
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4 = 0  

348" I 12" 

192" 168" 

2 2 
If correct ions a r e  made such that E p  and E +  as defined in Equa- 

+1 = 12" ,  $2 = 48" ) ,  theodd mode t r ansmiss ion  is tion (26)  (k = 2, A = 5 "  
again defined by D ( m ) a L  a s  in Equation (28). This function was evaluated and 
is tabulated in Table V. 

TABLE V 

ODD MODE TRANSMISSION, 16 -PROBE 
ARRAY, A = 5"  

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
2 1  
23 
25 
27 
29 

1.000 
0 
0 

0.609 
0 

-0.962 
-0.585 

0 
-0.563 
-0.890 

0 
0.520 

0 
0 

0 .754 

As in the 8-probe a r r a y ,  those odd modes which are not re jec ted  
a r e  v e r y  little attenuated; however,  an  additional low mode (m = 5 )  is 
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re jec ted .  
which a r e  a multiple of modes re jec ted  a re  a lso rejected.  
defined by m having a factor  of 3 a r e  re jected,  as  i s  m = 25 = 5 X 5 ,  Table V) .  

It i s  in te res t ing  to note f r o m  Tables I11 and V that  odd modes 
(All modes 

The init ial  portion of the anticipated modal frequency spec t rum of the 
outputs is  summar ized  in Table VI. 

TABLE VI  

MODAL FREQUENCY SPECTRUM, 16-PROBE ARRAY 
( h / a _ >  2 )  

Table IV shows that the frequency content of the br idge s ignals  would 
be en t i re ly  m = 1 modes up to one octave above the lowest mode and that  the 
f i r s t  two an t i symmetr ic  modes might he d iscr imina ted  with a frequency 
analysis .  

32-Probe A r r a y  (k = 4).  -When k = 4,  the Equations ( 3 0 )  reduce to  

cos  3411 t cos 3412 t cos 3+3 t cos 3414 = 0 

cos 549 t cos 5+2 t cos 5413 t cos 54)4 = 0 

cos 70 t cos 74) t cos 7+3 t cos 74)4 = 0 
1 2 

cos  9+1 t cos 9+2 t cos 9+3 t cos 9+4 = 0 
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If: 

41T 
+ 3 = = -  6 2  

(39) 

Substitution i n  Equation (38) and satisfaction of the resul t ing equations in the 
6 ' s  yields: 

61 = 6 2  

and: 

: (0 .857")  TI 
$1 = m  

0 2 = z :  29rr (24.857') 

(35.143") 41rr $ =-. 
3 2 1 0 '  

+ =- .  71rr (60.857") 
4 2 1 0 '  

The f i r s t  quadrant of this a r r a y  is shown in the sketch. The c loses t  
approach of two probe cen te r s  is 1.714",  but, s ince the probes in question are 
effectively added together ,  they need not be physically sepa ra t ed  and A may be 
taken as  1. 714". 

Connections would be made so that  E$ and E4 as defined by + 
Equation (26)  would be made. 
D(m)am as previously.  This function was evaluated and is tabulated in  
Table VII. 
in Table VIII.  

Odd mode t r ansmiss ion  is defined by 
4 

The initial portion of the modal frequency spec t rum is tabulated 
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TABLE VI1 

ODD MODE TRANSWlISSION, 32-PROBE ARRAY, 
A = 1.714' 

Mode, m 

1 
3 
5 
7 
9 

11 
13  
15  
17 
19 
21 
23 
25 
27 
29 

D h b ,  4 

1.000 
0 
0 
0 
0 

0.798 
0.614 

0 
0.490 
0.439 

0 
0.269 

0 
0 

0.967 

TABLE VI11 

MODAL FREQUENCY SPECTRUM 
32-PROBE ARRAY ( h / a l  2) 

Frequency  Orde r  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

m 

1 
1 
1 
1 

11 
13 

1 
11 

1 
13 

n 

0 
1 
2 
3 
0 
0 
4 
1 
5 
1 

Wmn 

1 .35  
2. 31 
2 . 9 2  
3.42 
3. 56 
3.84 
3.85 
4 . 1 8  
4 .24  
4 . 4 5  

Wmn 
w l o  

1.00 
1. 71 
2.16 
2. 52 
2.64 
2.84 
2.85 
3.10 
3. 14 
3. 30 
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/ + = O  
0.857" -* 

-+ 79. 143" - -+ 90.857" i- 
It may be seen  f rom a comparisonof  Table V for the 16-probe a r r a y  

with Table VI1 that doubling the number of probes and satisfying Equations ( 3 0 )  
for  k = 4 resu l t  in the reject ion of only one additional mode (m = 7 )  s ince 
the m = 9 ,  15, . . . , 3 imodes  appear t o  be re jec ted  i f  the m = 3 mode is re jec ted .  
Thus, i f  a 24-probe a r r a y  (k = 3 )  could be achieved, essent ia l ly  the same  
re su l t s  as in Tables VI1 and VI11 might be expected for  2 / 3  the number of 
probes . 

Table VI11 shows that the frequency content of the br idge s ignals  would 
be en t i re ly  m = 1 modes up to  about 1 - 1 / 4  octaves above the lowest mode. 
The m = 1,  n = 0,  1 and 2 modes might thus be d iscr imina ted  with a frequency 
analysis .  

Numerical  Approximations: Doubly Symmetric A r r a y s  

The preceding sect ion indicated the potential v i r tues  of a 24-probe 
(k = 3 )  a r r a y ,  and it was mentioned that  a rat ional  procedure  f o r  solution 
of Equations ( 3 0 )  fo r  any k was not developed. In the p rocess  of attempting 
t o  provide par t icular  exact  solutions,  i t w a s  noted that  c rude  approximations 
to solutions could somet imes  be obtained graphically.  If an  init ial  approxi- 
mate solution s e t  is defined as: 
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and t h e e r r o r s  a r e  defined as: 

such that  the t rue  solutions a re :  I 

I 

Now if the initial approximations a r e  sufficiently good, the h i  are 
s m a l l  angles and: 

cos  Ic6; = 1 

(43 1 
s i n  k6; = k6; 

Then: 

If the approximations +: are substi tuted for +i in Equations (30),  the equa-  
t ions be coine: 

k 

i = l  
cos 5+f = R:(# 0) 
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If the approximations of Equation (44) a r e  inser ted  in Equations (30),  the 
resu l t  is: 

[ S o ]  [ D ' ]  = [R"]  

where  

[ S O ]  = 

s in  3+; 

s in  5 + O  
1 

s in  (2k t l )+ i  

[R"] = 

s in  3+5 

s in  5+5 

. . .  

. . .  s in  3+; 

' s in  54" k . . .  

. . . t s in  (2k t l ) + i  

The m a t r i c e s  defined by Equations (47)  and (48) a r e  defined by the 
initially assumed values of 4; and may be evaluated. 
pu ter ,  Equation (46) may be solved: 

With the help of a com-  

[ D ' ]  = [ S o ] - '  [R" ]  (50)  



and 

The resu l t  af Equation (51) can only be regarded  as 2 possibly improved 
es t imate  of the C$Ji, depending on how close the init ial  approximation was. 
Although convergence i s  not proven, it was  thought possible that replacement  
.of [ + " I  by the "improved" est imate  [+  1 of Equation (51) and a repea t  of the 
p rocesses  defined by Equations (46) through (51). e t c . ,  might with luck r e su l t  
in reasonable  solutions. 

The re  i s  no reason  to use the Equations (30) in o rde r  in this procedure ,  
for  k probes ,  k equations a r e  needed, and any k of the equations: 

k 1 cos ( 2 j  t 
i = l  

= o j = 1 , 2 , 3 , .  . ., m 

may be se lec ted ,  depending on the par t icular  s e t  of k modes it i s  des i r ed  to  
e l iminate .  F o r  example,  for  a 32-probe a r r a y ,  k = 4 ,  and the odd modes 
m = 3, 5,  7, 11 might be eliminated by choosing j = 1 ,  2, 3, 5 for the four  
equations [of Eq. (52)l to  be satisfied.  

ADDlication of Numerical  P rocedures  to 
a 24-Probe Ar rav  (k = 31 

As mentioned in the previous section, a 24-probe a r r a y  ( k  = 3 )  might 
be useful, and the procedures  just  outlined w e r e  applied to this  ca se .  

When k = 3, Equations (30)  reduce to: 

cos  39, t cos 39 t cos 393 = 0 2 
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After some  manipulation Equation 38 becomes:  

On intuitive grounds, the s u m  of the th ree  angles was  assumed t o  be ~ / 2 .  
Under this  assumption, the set of angles: 

l lrr  31a 5 9 ~  + . = - -  - - 
1 210'  210'  210 (55) 

i s  found to sat isfy Equation (54). Their  s u m  i s  only approximately equal  
to ~ 1 2 ,  however. 

The set  of angles,- 15T - 35T 
210 '  210 '  210 '  - 63T makes  one of the t e r m s  in each of the 

equations zero.  And the e r r o r s  in satisfaction of Equations (53) with these  
angles are of the same magnitude as resu l t  when the angles of Equation (55)  
w e r e  substi tuted into Equation (53). 

It was assumed,  therefore ,  that  the angles of Equation (55) might be a 
sufficiently close approximation t o  allow the numer ica l  procedure in the  pre  - 
ceding section t o  begin. 
w e r e  programmed for  the CDC 160A for k = 3 .  
t he  angles of Equation (55) converged in 4 i terat ions t o  the 7 significant 
digit capability of the machine.  

The computations of Equations (46) through (51)  
The i terat ion s ta r t ing  with 

The resu l t s  were: 

$1 = 0 . 0 6 4 8 3 5 4 ~  = 11.67037' 

+2 = 0 . 1 4 9 6 4 7 5 ~  = 26.93654' 

43 = 0 . 3 1 1 4 2 3 5 ~  = 56.05624" 

The following sketch shows the first quadrant of this a r r a y .  A A of 5' 
appears  practical .  
[Eq. ( 2 6 ) ] ,  odd mode t r ansmiss ion  is defined by the function D(m)a&. 
function w a s  evaluated using values  of + rounded t o  the n e a r e s t  0.001 degree ,  
and the resu l t s  are shown in Table IX. 

3 3 If connections are made  so that Ep and EQ are produced 
This 
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TABLE IX 

Mode, m 

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
21  
23 
25 
27 
29 

3 D(m )am 

1.0000 
-0.000017 
0.000017 
0.000020 

-0.6165 
-0.1621 
0.4264 

-0.3025 
-0.6334 
-0.2421 
-0 .5 162 
-0.3743 
0.0158 
0.6407 
0.1295 
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*. 

In this ca se ,  the resu l t s  a r e  significantly different f rom those for 
The rejection of modes which have m a multiple of th ree  previous a r r ays .  

ceases  in this solution. In e f fec t ,  what was hoped for  with a 24-probe a r r a y  
was rejection of the m = 9 mode essent ia l ly  f o r  f r e e ,  but the 24-probe a r r a y  
mere lv  does what is expected of it. 
the e r r o r s  introduced by e r r o r s  in probe location will  be necessa ry .  
Table IX was computed for angles within f 0.001 '; the modes "rejected" a r e  
actually attenuated to  one par t  in 50 ,  000 (roughly 100 dB, voltage rat io) .  
This precis ion can only degrade with the precis ion of probe location. 

It is worth noting that an analysis of 

The initial portion of the modal frequency spec t rum is  shown in 
Table X. 

TABLE X 

MODAL FREQUENCY SPECTRUM, 24-PROBE ARRAY 
( h / a  2 2 )  

In the 24-probe c a s e ,  the frequency content of the bridge signals 
would be wholely m = 1 modes t o  1 - 2 /  10 octaves above the lowest m = 1 
mode;  the m = 1 ,  n = 0 and 1 modes might be discr iminated with a frequency 
analysis .  F o r  prac t ica l  purposes ,  the 24-probe a r r a y  is sl ightly be t te r  
than the 16-probe case  and slightly w o r s e  than the 32-probe case .  

PRACTICAL REALIZATIONS 

Axisvmmetr  ic Modes 

Plate  I is a photograph of a p rac t i ca l  real izat ion for  s y m m e t r i c  
(m = 0 )  mode discr iminat ion.  The probe is on the tank axis and i s  a sur face  
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pierciiig capacitance type of NO. 26 magnet w i r e  (Niclad insulation). Quite 
adequate sensi t ivi ty  (about 2 vol ts / inch sur face  elevation) was obtained using 
a Tektronix "Q" unit and No. 133 power supply in a capacitance measur ing  
mode, This sys t em i s  that used for  the experiments  of Reference 1. 

Antisvmrnetric Modes ( m  = 11 

Table XI summar izes  the a r r a y  designs which w e r e  considered su i t -  
able for  the longitudinal random excitation experiments  contemplated in the 
present  p rogram.  The five designs a r e  a r ranged  in the es t imated  o r d e r  of 
increas ing  sensit ivity to  minor  e r r o r s  in probe position, 
computations on sensit ivity w e r e  made but a r e  not detailed herein.  ) 

(Some pre l iminary  

The f i r s t  two columns show two probes having equal discr iminat ion 
proper t ies  (4 probe and 8 probe) .  
tion of the m = 1,  n = 0 mode f r o m  a l l  others  m o r e  pronounced. 
the a r r a y  with overlapping probes has potentially difficult e lectronic  prob-  
lems ,  and the 8-probe a r r a y  i s  to  be p re fe r r ed .  
i s  i nc reased ,  the number of m = 1 modes which it is  es t imated  could be d i s -  
c r imina ted  by a frequency analysis increases .  Unfortunately, though the 
lowest undesired odd mode for  the most  complicated a r r a y  cor responds  t o  
m = 9,  the lowest unwanted frequency does not increase  so  much,  and, f o r  
instance,  a fourfold inc rease  in the number of probes provides only a t h r e e -  
fold inc rease  in the number of m = 1 modes which may be d iscr imina ted  with 
a f requency analysis .  

The effect  in each is to  make the s e p a r a -  
Of the two, 

As the number of probes 

Although the lowest m = 2 ,  3,  4 modes have been generated in the 
labora tory ,  they a r e  difficult to  s t a r t ,  maintain and recognize visually.  
Whether o r  not the m = 5, 7 , 9 , .  . . modes wil l  appear  under longitudinal 
excitation of any s o r t  i s  not known. 
the higher  o r d e r  c i rcumferent ia l  modes may not be a problem, due to  high 
damping. 

There i s  some reason  to  believe that  

For present  purposes ,  it was felt that  the 16-probe a r r a y  of ' rable XI  
was the bes t  all around choice for further development,  and a s u m m a r y  of 
r e  a s  ons follows: 

It i s  probably des i rab le  to be able to  d iscr imina te  the lowest 
two m = 1 modes ,  and tohave at l ea s t  an  octave frequency 
separa t ion  between the m = 1,  n = 0 mode and the frequency 
where  the modal ambiguities begin. 

The re  exis ts  the possibility that  the m = 7, and higher  modes 
a r e  highly damped and would not appear  in any case .  
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( 3 )  Such an a r r a y  would probably be the f i r s t  of i ts  kind. 
minimization of mechanical construction and electronic  
t r imming difficulties is  highly des i rab le .  

Thus,  

(4) The i 6  and higher probe a r r a y s  a r e  a lmost  totaiiy unaffected 
by probe width, A .  Thus,  w i r e  probes could be substituted 
for  the plate type, though a capacitance principle of operat ion 
i s  mandatory.  

P l a t e  I1 is a photograph of a realization of a 16-probe a r r a y  constructed 
in the same s ize  tank a s  was used in Reference 1. 
plate 0. 125  f 0.001 in. wide imbedded in the p las t ic  tank wal l  f lush with the 
inner  tank sur face .  Insulation is provided by 0.002-in. M-y!ar p r e s s u r e  s e n s i -  
t ive tape.  
f 1 /50  deg ree ,  and a sensit ivity analysis indicates that  odd mode t r ansmiss ion  
should be as c lose  t o  that  shown in Table V a s  could be measured .  
and checkout of this design w e r e  not completed within the l imi t s  of the p re sen t  
explora tory  program.  

Each  probe is a b r a s s  

Circumferent ia l  location of the probes was  eas i ly  achieved within 

Wiring 

SUMMARY 

The mode discr iminat ion problem s t e m s  f r o m  the assumption that  the 
instantaneous f r e e  sur face  in the cylindrical  tank may be descr ibed  by a 
superposi t ion of normal  modes.  
around the usual l inear  normal  mode theory. 

The a r r a y  designs developed a r e  built 

The discr iminat ion problem for  axially symmet r i c  modes may be 
solved v e r y  s imply by a fluid elevation probe on the tank axis.  
none of the ant isymmetr ic  modes contribute at this  point. 

In theory ,  

The discr iminat ion problem for  an t i symmetr ic  modes i s  an o r d e r  
The emphasis  in the present  work has been of magnitude m o r e  difficult. 

on the "m = 1" modes which a r e  the important ones f r o m  the rocket  booster  
stabil i ty and control  viewpoint. The tentative designs achieved in the 
p re sen t  work  involve determinat ion of the positions which will in effect do 
a continuous spat ia l  harmonic analysis  of the fluid elevation around the tank 
wall  f o r  the ( t ime varying) amplitude of the f i r s t  few m = 1 modes.  It was  
found that  the orientation of the nodes f o r  m = 1 modes may  be obtained 
with two a r r a y s ,  the signal of one a r r a y  being proport ional  to the cosine 
and the other  to the sine of the angle the node makes  with an a r r a y  re ference  
angle. No way of discr iminat ing all m = 1 modes f r o m  all o thers  was found, 
although the separat ion of all modd modes f r o m  all meVen modes i s  s t ra ight -  
forw a r  d. 

- 

33  



L , 

A slightly different probe i s  suggested f o r  measu r ing  f r e e  sur face  
elevations around the tank wall-  -essent ia l ly  a curved  capaci tor  imbedded 
in the wall. 
(the "4 o r  2-probe integrating" type). Though not considered useful for  the 
longitudinal random vibration c a s e ,  one of these  a r r a y s  m a y  be interest ing 
for  purposes of "filtering" relat ively small amplitude m = 3, 5, 7 , .  . . modes 
and all meven modes f r o m  a measu remen t  of m = 1 mode amplitudes.  Mea- 
su remen t  of nodal position i s  possible only with s o m e  special  e lec t ronic  
measur ing  techniques, however. 

This type of probe is vi ta l  for  one c l a s s  of a r r a y s  visualized, 

Equispaced (around the c i rcumference)  a r r a y s  of p robes ,  the natural  
s t a r t  for  a harmonic analysis ,  appear unsuitable in m o s t  cases because 
a gain adjustment mus t  be made for  each  probe. 

A type of a r r a y  t e rmed  "doubly symmet r i c ' '  was found which has  the 
des i r ed  general  property of rejecting all modes corresponding to even m 
and is a r ranged  into two bridges for  measu remen t  of nodal position. 
a r r a y s  of this type w e r e  found which re jec t  ce r t a in  of the modes having 
odd m. These a r r a y s  do not re jec t  all the modes that could be d e s i r e d ,  but, 
by removing some  of the lower odd c i rcumferent ia l  modes ,  the lowest of 
the m = 1 modes may  be examined by a frequency analysis .  

F o u r  

It i s  conceivable that the present  development could have o ther  4,. 

applications, she l l  vibration, for  example.  The solutions given fo r  doubly 
s y m m e t r i c  a r r a y s  are a l so  d i rec t ly  applicable to  harmonic  analyses  ( for  
the fundamental)  as the a r r a y s  a r e  essent ia l ly  Tchebycheff-Radau quadra ture  
formulas .  
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P L A T E  I. TANK WITH PROBE ON TANK AXIS - -  
SYMMETRIC MODE DISCRIMINATION 
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PLATE 11. ANTISYMMETRIC MODE DISCRIMINATION- - 
TANK FITTED WITH 16-PROBE ARRAY 
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